In this note we deal with the problem of force/tracking control of constrained manipulators without velocity measurements interacting with an in nitely sti environment. We use a reduced order model for which the coordinates space is restricted to a subset where the constraints Jacobian is guaranteed to be non singular. In contrast to other similar approaches, we do not assume that the generalized trajectories belong to the subset all the time thus, our contribution is to prove that if the trajectories start within the subset , they remain in it. Furthermore, we prove uniform asymptotic stability considering only position and force measurements.
Introduction
Starting with 22, 13, 10] the interaction with an in nitely sti environment is modeled by holonomic (algebraic) constraints imposed to the manipulator's motion. This kind of motion is often referred to in the literature as constrained robot motion. Unfortunately, the constraints equation is singular, hence in order to cope with this di culty, various techniques for deriving so-called reduced order models have been proposed in the literature based on the projection of the dynamic robot equations onto a submanifold described by the algebraic equation of constraints.
Concerning the force/position control, several schemes have been proposed for stabilization of constrained manipulators 13, 5, 15] ; the position/force regulation problem was considered in 20] , where the Lyapunov's direct method was used to guarantee local stability. Nevertheless, the above cited solutions for constrained manipulators present two major disadvantages: the rst is the need of velocity measurements which are often contaminated with noise 3]. The second is that it is assumed that the constraints equation is globally solvable. It is supposed either that the constraint Jacobian is non singular in the whole state space ( 13, 4, 21, 5, 8] ) or that the actual trajectory is contained in the neighbourhood of the desired set-point ( 20, 1] ). However, it should be noted that these assumptions are rather restrictive, for instance the rst may be not ful lled even in very simple cases as that of a planar two-link revolute-joint manipulator whose endpoint is constrained to a plane.
To the best of our knowledge the force/position control problem without velocity measurements was rst treated by 9] and 16]; Huang and Tseng studied the (open loop) observer design for This work was supported in part by the INTAS France-Russia collaboration project and by CONACyT, Mexico. constrained robots. Later in 16] the authors proposed a nonlinear observer and proved for the rst time, asymptotic stability of the closed loop system considering an in nitely sti environment. Some other results in this direction are 12, 8, 6] . In 12] we proposed the rst force/position controller without velocity measurements and with uncertain gravity knowledge considering an elastic environment. Under the assumption that the constraints Jacobian never degenerates, the authors of 8] proposed a \semi-global" adaptive force/motion controller for manipulators under holonomic constraints.
In this paper we consider that the end-tool is interacting with an in nitely sti environment. We use the reduced order model introduced in 15] for which the coordinates space is restricted to a subset where the constraints Jacobian is guaranteed to be non singular. In contrast to the other similar approaches mentioned above, we do not assume that the generalized trajectories belong to the subset all the time thus, our contribution is to prove that if the trajectories start within the subset , they remain in it. Furthermore, we prove uniform asymptotic stability considering only position and force measurements using standard Lyapunov stability theory.
Notation. In this paper we use k k for the Euclidean norm of vectors and the induced L 2 norm of matrices. The largest and smallest eigenvalues of a matrix K are denoted by k M and k m respectively, where K and its eigenvalues may have a subindex.
2 Dynamic model
Preliminaries
We consider in this note the standard model of a rigid revolute joint robot manipulator
where D(q) = D > (q) > 0 is the robot inertia matrix, g(q) is the gravitational forces vector, C(q; _ q) _ q represents the Coriolis and centrifugal forces, u 2 IR n are the applied torques and f 2 IR n is the reaction forces vector. In order to introduce our notation, we recall that there exist some positive We assume that the manipulator's end-e ector interacts with an in nitely sti environment hence, that its motion is constrained to a smooth (n ? m){dimensional submanifold , de ned by
where the function : IR n ! IR m is at least twice continuously di erentiable, and m is the number of holonomic constraints. Assumption A1 below, concerns the solvability of the constraints equation (2) and will be used in the sequel in order to derive a reduced order model of constrained motion.
A1
We assume that there exists an operating region IR n de ned as Thus, without loss of generality we can assume that for all q 2 there exist positive constants 1 ; 2 ; 3 such that, for all i = 1; 2; : : : ; n,
Remark 2 1 In words, Assumption A1 guarantees the solvability of (2) only in the set , which is equivalent to assume that the Jacobian J 2 (q) is not singular only if q 2 . This is the main di erence with other similar reduced order models used in the literature where it is supposed that J 2 (q) is full rank in the entire state space.
Considering that the end-e ector motion is constrained to the submanifold , the above denition of the set allows a parameterization of the generalized coordinates vector in which only n ? m independent coordinates need to be controlled 13, 15, 14] . Thus, without loss of generality we can choose q 1 and q 2 as independent and dependent coordinates respectively and we can express 
Reduced order model and its properties
In this section we present the reduced order model introduced in 15] and we stress some properties which are fundamental for further analysis. First, using equations (4) { (6) in (1) we obtain
where we have de ned
C (q; _ q)
Next, similarly to 13] we introduce a decoupled control scheme which allows to control generalized positions and constraint forces separately, thus consider the control input u of the form
Notice that the inequality kJ2(q)k kJ(q)k in (3) is not obvious. Interested readers are referred to 7], ch. X, sec. 6,7. where u a 2 IR n?m ; u b 2 IR m and H + (q) = ? H > (q)H(q) ?1 H > (q) which under Assumption A1, exists and is bounded for all q 2 . Then the decoupled reduced order dynamic model for robot manipulators under holonomic constraints can be rewritten in the form ( 15] )
Equation (8) de nes the dynamics of the system in the position direction i.e., the dynamics of the independent coordinates, which are to be controlled. Equation (9) 3 Problem statement and its solution
Motivation
In the previous section we have shown that the dynamic model in the position direction, that is, eq. (8) possesses similar properties than the model of unconstrained manipulators provided Assumption A1 is satis ed. Hence, algorithms used to control unconstrained manipulators can also be applied in presence of holonomic constraints, provided one can ensure that the trajectories never leave the set where contact is possible and the reduced order model is well de ned. In order to overcome this di culty, most of reduced order models considered in the literature rely on the (implicit or explicit) assumption that, either = IR n or that the manipulator remains in a neighbourhood of the desired trajectory during the whole transient. However, it must be noted that assuming that = IR n is restrictive and unrealistic. In order to illustrate this idea, and the type of result we seek for, consider the simple example of the planar 2-link manipulator shown in Figure 1 . 
This clearly shows that the set cannot coincide with IR 2 . On the other hand, in order to satisfy Assumption A1, must be de ned in a way such that the dependent coordinate be uniquely de ned as a twice continuously di erentiable function of the independent coordinate. For this example let us choose q 1 to be the independent coordinate; then from (10) Notice that k(q 1 ) is C 2 only if (11) or (12) hold thus, for the reduced order model (8) { (9) to be well de ned, 1 must be chosen according to (11) or (12) (9) is not valid at these points. For these reasons, before exploring the stability properties of the closed loop system of the constrained manipulator (1) { (2), with a control algorithm commonly used for unconstrained manipulators, one should be concerned by the permanence of the solutions in the set . This simple example illustrates our motivation to consider the following important problem.
Problem statement
De ne I 4 = 0; 1), assume that only position and force measurements are available, then design a smooth control law u = u(t; q; f) such that q(t) 2 8 t t 0 ; t o 2 I It is important to remark that it is not necessary to assume that the end-tool is always in contact with the surface. Putting aside the problem of impact, we can consider the problem of not loosing contact under the assumption that initially, the manipulator interacted with its environment. This can be easily proven as done in 21] by showing that the manipulator always exerts some force against its environment hence, assuming that constraints are unilateral and that the manipulator can only push the surface, we need to prove that f i > 0 for all i = 1; : : : ; m. After the original submission of this paper, we have noticed an increasing interest on the problem of control of manipulators during their complete task: free-motion, impact, constrained motion. Even though it is beyond the scope of this paper to deal in full detail with this problem, it is worth pointing out the importance of guaranteeing that the trajectories does not escape the domain where the Jacobian's rank does not degenerate and henceforth where the reduced order model is valid.
To be more precise, let us recall the stability criterion established in 2] for the problem of the robot control problem during its complete task. In that reference the authors divide the time span of the complete task into successive intervals corresponding to the constrained, unconstrained and impact phases: IR + = 0 I 0 1 2 where the 's are transition phases and the I's, impact phases.
Based on this assumption the authors introduce the concept of weak stability which roughly speaking, says that a system is weakly stable if it is stable for all t 0, t 2 . In that reference new tools to prove weak stability are given based on Lyapunov like techniques. In this paper we show using simple Lyapunov stability theorems how one can guarantee that the trajectories do not escape a set (where the Jacobian does not degenerate) based on the basic assumption that the initial conditions are contained by and that the desired reference does not lay \too close" to its boundaries.
Even though in 2] the authors consider intervals of time while we use subsets of coordinates, it is our belief that there is a strong relation between these concepts. Thus, our methodology of proof may contribute to open a new way for proving weak stability in the sense of 2]. Besides the fact that, looking at the constrained motion problem as part of the complete task problem, it is crucial to ensure that the model remains valid for all time in some interval (or equivalently for all q 1 (t) 2 1 ).
Proof of main result
It is worth recalling that under Assumption A1 it holds that the Jacobian of the constraints equation is full rank only if q 1 (t) 2 1 8 t t 0 . However we do not suppose that this happens to hold for all t > t 0 , then we must prove that under the conditions of Proposition 1, Assumptions A1 { A4 and for all initial conditions x 0 (t 0 ) 4 = col q 1 (t 0 ); _ q 1 (t 0 ); #(t 0 )] 2 x , the solution x(t) is always bounded, moreover we prove that q 1 (t) 2 1 8 t t 0 . This constitutes the beginning and most important part of the proof while the second one concerns the uniform asymptotic stability of the error system.
Boundedness of solutions
A fundamental tool to prove our main result is the following lemma borrowed from 18] Lemma 4 Let P 1 , P 2 be compact sets in B IR n such that f0g P1 P 1 P2 P 2 B IR n where P denotes the interior of P, and B is the closure of B . Let V : B I 7 ! IR for all (x; t) 7 ! V (x; t) be a function of class C 1 and let a be a constant such that (a) (8 t 2 I) and (8 x 2 @P 2 ), V (x; t) a (b) (8 t 2 I) and (8 x 2 @P 1 ), V (x; t) < a (c) (8 t 2 I) and (8 x 2 P 2 ?P 1 ), _ V (x; t) 0.
If t 0 2 I and x 0 2 P 1 , then the solution x(t; t 0 ; x 0 ) of the di erential equation _ x = f(t; x), where f(t; x) is continuous and locally Lipschitzian, is de ned and belongs to P 2 for all t t 0 . 
it then follows that both conditions (a) and (b) are met if _ V (x; t) is negative de nite for all (x; t) 2 (P 2 I). It follows that condition (c) of Lemma 4 holds as well, then kq 1 (t)k 4 for all t t 0 . Since 4 < , under Assumption A3 we conclude that q 1 (t) 2 1 for all t t 0 , moreover from A1 it follows that q(t) 2 for all t t 0 .
Asymptotic stability
The proof of asymptotic stability follows directly from the results of previous section using the following theorem of 18]
Theorem 5 Let V : P 2 I 7 ! IR be a function of class C 1 and a Lyapunov function on P 2 I. If (a) V (x; t) ! 0 when x ! 0 uniformly for t 2 I (b) _ V (x; t) is negative de nite on P 2 I (c) V (x; t) c for all (x; t) 2 P 2 I, and c 2 IR then all solutions x(t; t 0 ; x 0 ) such that x(t; t 0 ; x 0 ) 2 P 2 for every t t 0 tend to 0 as t ! 1 uniformly in t 0 , x 0 .
We proceed to prove that V (x; t) de ned by (18) meets all the conditions of Theorem 5. The rst condition follows straightforward under Assumptions A2 { A4 about the desired trajectory, while the second condition was already shown in the previous section. The third condition follows observing that, since q 1 (t) 2 1 for all t t 0 we are able to write using (22) 
In the previous section we proved that the solutions x(t; t 0 ; x 0 ) 2 P 2 for all t t 0 thus, using 
The proof is completed by noticing that since q 1 2 1 , then Z(q) is bounded. Moreover the right hand side terms of (33) tend uniformly asymptotically to zero, then it follows that~ (t) ! 0, hencẽ f(t) ! 0 for all t t 0 and for all t o 2 I.
Simulation results
For the sake of illustration, we have performed some brief simulations on a two-link planar robot like that of Figure 1 . We have considered that l 1 = 2m, l 2 = 1m. The masses of the links are m 1 = 5, m 2 = 2:5, while the momenta of inertia about their centres of mass are I 1 = 6:33, and I 2 = 0:83. For both links, it was considered that the centres of mass are at the middle of the links.
We have considered that the initial con guration of the manipulator is similar to that shown in Figure 1 , hence 1 := fq 1 2 IR : 0 < q 1 < =6 ? 0:01g and we have chosen q 1 to be the independent coordinate. The control gains were set to k p = 50000, K d = diagf 20000; 20000]g, A = diagf 3000; 3000]g, and B = diagf 1000; 1000]g. The desired trajectory is q 1d = 18 (1 + cos(6 t)), while the desired force was set to 2N and f(t 0 ) = 2:7N. In the rst part of Figure 2 we show the resulting trajectory q 1 (t) and its reference, q 1d (t). Then, we show the resulting force tracking error,f. Notice that the trajectory is bounded between -0.1 and =6 ? 0:01, hence that q 1 (t) 2 1 , as it was expected. 6 Concluding remarks
